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A b strac t:  
P er ei r a’ s  (20 0 0 ) m et h o d o f  c o m p u t i n g  t h e r et u r n  o n  p u b l i c  i n v es t m en t  i n  a V A R  i s  ex t en ded. 
A  n ew  r et u r n  m eas u r e w h i c h  ac c o u n t s  f o r  p u b l i c  an d p r i v at e c o s t s  i s  p r o p o s ed. A n  ap p l i c at i o n  
t o  U S  dat a s h o w s  n o n -t r i v i al  di f f er en c es  b et w een  al t er n at i v e r et u r n  r at es . 
                                                 
		 !#"%$&'()	+*,-./012346587:9.;<=.;> *)14?.*@(ABC1DBC.;	:*@.E	)7?F558GGHI !#.G5J51K%)LM1<ONP3Q"CN8LJ	)R)S@5	:(	T	T3.U*).	T6	T )*:7V.	@WYXP'GJV	)7A+WJL3ZX[\3^]!5(V1+	464'W_BK.`	*@)LM1<6 $3a\Nb	cL-XPGJV(dBeLHf 31K(@F51L.`JVZ	cE1:g'hi.;V'78jJGH)k\M<W1](jJ lW1$3	&hm.V@7Jno58.JpqJW1XPr:stpuvrCqJwx\ny.FM1WXGJVJ	)7CH'y@7Cgzb{J|}sposc{Zvp8|vx1w8H)N}	:9}gz~{J|Pspsc{-vppxqxHc r%4	@.7Kg'40F%	:M<JYm.e(cVYH %7%H 5
1 .  I ntroduc ti on 
 
Th er e h as  b een  c o n s i der ab l e i n t er es t  i n  m eas u r i n g  t h e ef f ec t s  o f  p u b l i c  i n v es t m en t  o n  
ag g r eg at e ec o n o m i c  ac t i v i t y  s i n c e A s c h au er ’ s  (1 9 8 9 a, 1 9 8 9 b ) c o n t r i b u t i o n s  . Ho w ev er , 
A s c h au er ’ s  r el i an c e o n  s t at i c  O L S  r eg r es s i o n s  h as  l o n g  b een  s u p er s eded b y  m o r e 
s o p h i s t i c at ed t ec h n i q u es . V A R  m o del s  h av e b een  w i del y  u s ed:  ap ar t  f r o m  h an dl i n g  m at t er s  o f  
s t at i o n ar i t y  an d c o i n t eg r at i o n , t h ey  m ak e i t  p o s s i b l e t o  addr es s  t h e i s s u e o f  r ev er s e c au s al i t y  
b et w een  o u t p u t  an d p u b l i c  c ap i t al , an d, m o r e g en er al l y , t o  c o n s i der  t h e dy n am i c  ef f ec t s  
am o n g  t h o s e t w o  v ar i ab l es  an d o t h er  p r o du c t i o n  f ac t o r s , s u c h  as  p r i v at e c ap i t al . Th e i m p ac t  o f  
p u b l i c  i n v es t m en t  o n  i t s  p r i v at e c o u n t er p ar t  i s  a m aj o r  c o n c er n  w h en  an al y z i n g  t h e m er i t s  o f  
t h e f o r m er .   
 
Dy n am i c  f eedb ac k s , h o w ev er , m ak e i t  di f f i c u l t  t o  q u an t i f y  t h e m ac r o ec o n o m i c  r et u r n  o n  
p u b l i c  c ap i t al . Th e m i c r o ec o n o m i c  r at e o f  r et u r n  dr aw s  o n  t h e s t an dar d m ar g i n al  p r o du c t  , 
w h i c h  h o l ds  o t h er  i n p u t s  c o n s t an t ;  i t  i s  t h er ef o r e u n ab l e t o  ac c o u n t  f o r  ef f ec t s  o f  c r o w di n g  i n  
o r  o u t . P er ei r a (20 0 0 ) p r o p o s ed an  al t er n at i v e r at e, an c h o r ed o n  a V A R  es t i m at e o f  t h e “ t o t al  
m ar g i n al  p r o du c t ”  o f  p u b l i c  i n v es t m en t :  t h i s  m ar g i n al  p r o du c t  i s  b as ed o n  t h e l o n g -t er m  
r es p o n s e o f  o u t p u t  t o  a s h o c k  t o  p u b l i c  i n v es t m en t , an d t h er ef o r e i n c o r p o r at es  t h e dy n am i c  
b eh av i o u r  o f  t h e r em ai n i n g  i n p u t s  i n  t h e s y s t em . Th o u g h  a m aj o r  i m p r o v em en t  o n  t h e 
m i c r o ec o n o m i c  r at e o f  r et u r n , w e ar g u e t h at  P er ei r a’ s  m et h o d f ai l s  t o  ac c o u n t  f o r  al l  t h e 
r el ev an t  i n v es t m en t  c o s t s  i n  s o m e c i r c u m s t an c es . 
 
Th i s  p ap er  c o m p l em en t s  t h e w o r k  o f  P er ei r a (20 0 0 ) an d p r o p o s es  a n ew  def i n i t i o n  o f  r at e o f  
r et u r n  o n  p u b l i c  i n v es t m en t  t h at  t ac k l es  t h e ab o v e s h o r t c o m i n g s . I n  s ec t i o n  2 w e s u m m ar i z e 
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P er ei r a’ s  m et h o d, di s c u s s  i t s  l i m i t at i o n s  an d p r es en t  o u r  p r ef er r ed m eas u r e. S ec t i o n  3 
i l l u s t r at es  t h es e di f f er en t  r at es  o f  r et u r n  w i t h  a U S  dat as et . S ec t i o n  4 c o n c l u des . 
 
2 .  A lternati v e def i ni ti ons of  rates of  return 
 
2 . 1  T he ap p roac h of  P erei ra ( 2 0 0 0 ) 
 
We s t ar t  b y  r es t at i n g  t h e m et h o do l o g y  o f  P er ei r a (20 0 0 ). Co n s i der  a V A R  m o del  w i t h  f o u r  
en do g en o u s  v ar i ab l es , al l  i n  l o g s  an d f i r s t  di f f er en c ed:  r eal  p u b l i c  i n v es t m en t  (G), r eal  p r i v at e 
i n v es t m en t  (I), p r i v at e em p l o y m en t  an d r eal  p r i v at e G DP  (Y). F o l l o w i n g  an  o r t h o g o n al  
i m p u l s e t o  p u b l i c  i n v es t m en t , t h e l o n g -t er m  ac c u m u l at ed el as t i c i t y  o f  Y w i t h  r es p ec t  t o  G 






∆=ε ,      (1 ) 
w h er e ∆  den o t es  a l o n g -t er m  r es p o n s e  . P er ei r a t h en  p r o c eeds  t o  c o m p u t e t h e m ar g i n al  






∆≡ ,      (2) 
w h er e Y/ G i s  s et  eq u al  t o  an  en d-o f -s am p l e t en -y ear  av er ag e o f  t h e o u t p u t  t o  p u b l i c  
i n v es t m en t  r at i o  . Th i s  m ar g i n al  p r o du c t i v i t y  di f f er s  f r o m  i t s  m i c r o ec o n o m i c  c o u n t er p ar t , as  i t  
dr o p s  t h e c e t e ri s  p a ri b u s  as s u m p t i o n  an d i n c l u des  t h e i n di r ec t  ef f ec t s  o f  p u b l i c  i n v es t m en t  o n  
G DP  t h r o u g h  t h e dy n am i c  r es p o n s es  o f  p r i v at e i n p u t s . 
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F i n al l y , as s u m i n g  t h at  c ap i t al  g o o ds  l as t  f o r  20  y ear s , P er ei r a c o m p u t es  t h e an n u al  r at e o f  
r et u r n  o n  p u b l i c  i n v es t m en t  as  t h e v al u e o f  r t h at  s o l v es  ( 1 + r) c = M P G. F o r  r eas o n s  
ex p l ai n ed b el o w , w e w i l l  c al l  t h i s  r at e t h e p a rt i a l -c o s t  d y n a m i c  f e e d b a c k s  ra t e  o f  re t u rn .     
 
2 . 2  A  c ri ti q ue and a sug g ested alternati v e 
 
We ag r ee w i t h  P er ei r a (20 0 0 ) o n  t h e i m p o r t an c e o f  i n c l u di n g  i n  t h e an al y s i s  t h e i n di r ec t  
o u t p u t  ef f ec t s  o f  p u b l i c  i n v es t m en t :  t ak i n g  o n  b o ar d t h e i n du c ed r es p o n s e o f  p r i v at e i n p u t s  – 
an d es p ec i al l y  o f  p r i v at e i n v es t m en t  – b o i l s  do w n  t o  ac c o u n t i n g  f o r  p o s s i b l e c r o w di n g  i n  o r  
c r o w di n g  o u t  ef f ec t s . U n der  s o m e c i r c u m s t an c es , h o w ev er , w e di s ag r ee o n  t h e w ay  
i n v es t m en t  c o s t s  ar e m eas u r ed. 
 
F r o m  a f i s c al  v i ew p o i n t , o n l y  t h e c o s t s  i n c u r r ed b y  t h e p u b l i c  s ec t o r  m at t er . Wh at ev er  t h e 
r es p o n s e o f  p r i v at e i n v es t m en t , o n e s h o u l d c o m p ar e t h e c o s t  o f  p u b l i c  i n v es t m en t  a l o n e  t o  t h e 
t o t a l  o u t p u t  g ai n s  (b o t h  di r ec t  an d i n di r ec t ), w h i c h  g en er at e f u r t h er  t ax  r ev en u es . Th i s  i s  w h at  
P er ei r a (20 0 0 ) do es , an d h e di s c u s s es  (p . 5 1 7 ) w h et h er  p u b l i c  i n v es t m en t  p ay s  f o r  i t s el f  i n  
b u dg et ar y  t er m s . 
 
F r o m  a m ac r o ec o n o m i c  v i ew p o i n t , h o w ev er , i t  i s  i m p o r t an t  t o  ac c o u n t  f o r  t h e f u l l  c o s t  o f  
i n v es t m en t , b o t h  p u b l i c  an d p r i v at e. I f  c r o w di n g  i n  (o u t ) t ak es  p l ac e, t h e p r ev i o u s  ap p r o ac h  i s  
u n der es t i m at i n g  (o v er es t i m at i n g ) t h e t o t al  i n v es t m en t  ef f o r t  t o  ac h i ev e a g i v en  o u t p u t  c h an g e, 
an d i s  t h er ef o r e o v er es t i m at i n g  (u n der es t i m at i n g ) t h e r et u r n  o n  p u b l i c  i n v es t m en t . To  addr es s  
t h i s  s h o r t c o m i n g , w e c an  eas i l y  adap t  t h e m et h o do l o g y  o f  s ec t i o n  2.1 . 
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F o l l o w i n g  a s t r u c t u r al  s h o c k  t o  p u b l i c  i n v es t m en t , w e c o m p u t e a l o n g -t er m  ac c u m u l at ed 
el as t i c i t y  o f  Y w i t h  r es p ec t  t o  p r i v at e i n v es t m en t  ( ε ) an d a l o n g -t er m  ac c u m u l at ed m ar g i n al  












∆≡ .      (4 ) 







YMPTI ,   (5) 
and  w e  d e te r m ine  th e  r e tu r n o n p u b l ic  inv e stm e nt as th e  v al u e  o f  r th at so l v e s ( 1 + r) ¢)£ = 
M P T I , te r m ing  it th e  f u ll-c os t d y n a m i c  f e e d b a c k s  ra te  of  re tu rn . 
 
F o r  c o m p l e te ne ss, and  as a b e nc h m ar k  f o r  c o m p ar iso ns, o ne  c an al so  m e asu r e  th e  r e tu r n to  
p u b l ic  inv e stm e nt w h e n p r iv ate  inv e stm e nt stay s c o nstant b y  e stim ating  a sy ste m  w h e r e  
p r iv ate  inv e stm e nt is an e x o g e no u s v ar iab l e . Th e  c r o w d ing  in (o u t) m e c h anism  is sh u tte d  
d o w n – p r iv ate  inv e stm e nt c o nte m p o r ane o u s and  l ag g e d  c h ang e s, e v e n if  th e y  im p ing e  o n th e  
sy ste m  e nd o g e no u s v ar iab l e s,  d o  no t d e p e nd  o n th e  l atte r . Th e  c o m p u tatio nal  d e tail s ar e  th e n 
sim il ar  to  se c tio n 2 .1 . We  c al l  th e  e nsu ing  r ate  th e  c e te ri s  p a ri b u s  ra te  of  re tu rn . 
 
3. An application to the US economy ¤  
 
O u r  annu al  d atase t is an u p d ate  o f  P e r e ir a’ s (2 0 0 0 ) and  is o b taine d  f r o m  th e  U S  B u r e au  o f  
E c o no m ic  A nal y sis inte r ne t site . We  m e asu r e  p r iv ate  G D P , p r iv ate  inv e stm e nt and  p u b l ic  
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inv e stm e nt e x c l u d ing  d e f e nse  in c o nstant 2 0 0 0  d o l l ar s, and  p r iv ate  e m p l o y m e nt in f u l l  tim e  
e q u iv al e nt e m p l o y e e s. Th e  sam p l e  r u ns f r o m  1 9 56 to  2 0 0 1 .    
 
A u g m e nte d  D ic k e y  F u l l e r  te sts str o ng l y  su g g e st th at th e  l o g -l e v e l s o f  th e se  v ar iab l e s ar e  no n-
statio nar y , I (1 ) tim e  se r ie s. F o l l o w ing  th e  J o h anse n (1 9 88) p r o c e d u r e , r e su l ts f r o m  tr ac e  and  
m ax im u m  e ig e nv al u e  te sts w ith  a sm al l  sam p l e  c o r r e c tio n su g g e ste d  b y  R e im e r s (1 9 9 2 ) d o  
no t al l o w  u s to  saf e l y  d ism iss th e  nu l l  h y p o th e sis o f  no  c o inte g r atio n. We  th e n p r o c e e d  to  
e stim ate  a V A R  in f ir st d if f e r e nc e s o f  l o g -l e v e l s. S tar ting  w ith  f o u r  l ag s, a c o nstant and  a 
d e te r m inistic  tr e nd , m o d e l  r e d u c tio n F -te sts h av e  l e ad  u s to  c o nsid e r  a m o r e  p ar sim o nio u s 
f o r m u l atio n – an o r d e r  3  V A R  w ith  a c o nstant b u t w ith o u t tr e nd Ð .  
 
O r th o g o nal  d istu r b anc e s ar e  id e ntif ie d  th r o u g h  a C h o l e sk i d e c o m p o sitio n w ith  p u b l ic  
inv e stm e nt o r d e r e d  f ir st, as in P e r e ir a (2 0 0 0 ). B e c au se  o f  th e  l ag s in g o v e r nm e nt d e c isio n-
m ak ing , it is assu m e d  th at p u b l ic  inv e stm e nt d o e s no t r e sp o nd  c o nte m p o r ane o u sl y  to  any  
str u c tu r al  d istu r b anc e s to  th e  r e m aining  v ar iab l e s.  
 
Tab l e  1  – L o ng -te r m  e stim ate d  e l astic itie s o f  p r iv ate  o u tp u t w ith  r e sp e c t to  inv e stm e nt 
 P u b l ic  I nv e stm e nt P r iv ate  I nv e stm e nt 
V A R  1  (al l  v ar iab l e s e nd o g e no u s) 0 .1 2 2 0  0 .64 0 7 
V A R  2  (e x o g e no u s p r iv ate  inv e stm e nt) 0 .0 769  no t ap p l ic ab l e  
 
Tab l e  1  su m m ar ise s r e su l ts f o r  l o ng -te r m  inv e stm e nt e l astic itie s, d e r iv e d  f r o m  th e  c o nv e r g e d  
ac c u m u l ate d  I R F s. U sing  th e  o u tp u t to  inv e stm e nt av e r ag e  r atio s in th e  te n f inal  y e ar s o f  th e  
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sam p l e , it b e c o m e s p o ssib l e  to  c o m p u te  th e  se v e r al  m ar g inal  p r o d u c tiv itie s and  th e  im p l ie d  
r ate s o f  r e tu r n p r e se nte d  in Tab l e  2 . 
 
Tab l e  2  – M ac r o e c o no m ic  r e tu r ns f r o m  p u b l ic  inv e stm e nt 
 M ar g inal  p r o d u c tiv ity  R ate  o f  r e tu r n 
P ar tial -c o st d y nam ic  f e e d b ac k s 4 .1 1 7 7.3 3 %  
F u l l -c o st d y nam ic  f e e d b ac k s 2 .0 58 3 .68%  
C e te ri s  p a ri b u s  2 .59 5 4 .88%  
 
Th e  p ar tial -c o st d y nam ic  f e e d b ac k s r ate  o f  r e tu r n is v e r y  c l o se  to  P e r e ir a’ s (2 0 0 0 ) e stim ate  o f  
7.8 p e r c e nt Ó . H o w e v e r , as p u b l ic  inv e stm e nt c r o w d s in p r iv ate  inv e stm e nt, th e  f u l l -c o st 
d y nam ic  f e e d b ac k s r ate  o f  r e tu r n is m u c h  sm al l e r  – so m e w h at b e l o w  4  p e r c e nt. F o r  a sim il ar  
r e aso n (th e  e x c l u sio n o f  ind ir e c t o u tp u t e f f e c ts o f  p u b l ic  inv e stm e nt th r o u g h  ind u c e d  p r iv ate  
inv e stm e nt), th e  c e te ri s  p a ri b u s  r ate  o f  r e tu r n is al so  sm al l e r , l y ing  c l o se  to  5 p e r c e nt.   
 
4 . C onclu s ions  
 
Th is p ap e r  h as anal y se d  h o w  to  c o m p u te  th e  r ate  o f  r e tu r n o n p u b l ic  inv e stm e nt in a V A R  
f r am e w o r k . V A R  m o d e l s al l o w  u s to  tak e  ac c o u nt o f  th e  d y nam ic  r e sp o nse  o f  p r iv ate  inp u ts 
to  a sh o c k  to  p u b l ic  inv e stm e nt, and  h e nc e  to  stu d y  w h e th e r  th e  l atte r  is a so u r c e  o f  c r o w d ing  
in o r  c r o w d ing  o u t. We  h av e  d isc u sse d  and  r e f ine d  P e r e ir a´ s (2 0 0 0 ) m e th o d  o f  inc o r p o r ating  
d y nam ic  f e e d b ac k s into  th e  d e te r m inatio n o f  th e  r ate  o f  r e tu r n.  
 
                                                 Ô3ÕÎ­(«)«TÊCµ@§:¬%¨­¯d«:ÖË8±µ@®/©~²ÍÎ1ÆO­+«¯G°±/¬K¯d¶¨©¨1¬ «:Öµ@§:¬%± ÆD§)¨J®/©§)®¶«×}ÇK®É&¯(µcªZË8±«'¯dµ:­(«6¶J®ÊGÊC«­+«©¬FØ_ÇK®®;ÉI¶°«-¬%¨b¶Jµ:¬%µ-­+«c¹J®¯®¨1©¯Ù«¹J«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²ÍÎµc¬_¶®ÊKÊK«:­:ØÇK®®®É}¬Î8«ÚÍÛÜ
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P e r e ir a’ s m e th o d  e x c l u d e s f r o m  th e  c o m p u tatio ns th e  c o sts o f  ind u c e d  p r iv ate  inv e stm e nt. 
Th is ap p r o ac h , th o u g h  c o r r e c t f o r  f isc al  p u r p o se s, o v e r e stim ate s th e  m ac r o e c o no m ic  r e tu r ns 
to  p u b l ic  c ap ital  if  th e r e  is c r o w d ing  in, and  u nd e r e stim ate s th e m  if  c r o w d ing  o u t o c c u r s. We  
h e nc e  su g g e st a r ate  o f  r e tu r n w h ic h  ac c o u nts f o r  b o th  p u b l ic  and  p r iv ate  inv e stm e nt c o sts. A n 
e m p ir ic al  ap p l ic atio n to  U S  d ata sh o w s th at d if f e r e nc e s b e tw e e n al te r nativ e  r ate s o f  r e tu r n ar e  
no n-tr iv ial :  c o nsid e r ing  th e  w h o l e  inv e stm e nt e f f o r t h as ac tu al l y  h al v e d  P e r e ir a’ s e stim ate d  
r e tu r ns. 
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